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Vapor–liquid equilibria and thermophysical behavior of the
SPC-HW model for heavy water

A. A. CHIALVO* and J. HORITA

Chemical Sciences Division, Aqueous Chemistry and Geochemistry Group, Oak Ridge National Laboratory, Oak Ridge, TN 37831-6110, USA

(Received October 2005; in final form October 2005)

The vapor–liquid coexistence curve of the simple point charge heavy-water model (SPC-HW), [J. Chem. Phys., 114, 8064–
8067 (2001)] is determined by Gibbs Ensemble Monte-Carlo (GEMC) simulation. The estimated critical conditions of the
model based on the Wegner-type expansion for the order parameters and the rectilinear diameter are rc ¼ 0.300 g/cc,
Tc ¼ 661 K and Pc ¼ 156 bars. The dielectric constant determined by isothermal–isochoric molecular dynamics is
underpredicted along the coexistence curve by 29–44% in comparison with the experimental values. The analysis of the
orthobaric temperature dependence of the system microstructure, in terms of the three site–site radial distribution functions,
indicates that the first coordination numbers for the oxygen–oxygen and the oxygen–deuterium interactions are ,4.3 ^ 0.1
and ,1.9 ^ 0.1 at T ¼ 300 K, and decrease by 15 and 55%, respectively, at criticality. The dipole–dipole correlation
functions show that the orientational order in heavy water is quickly lost beyond the first oxygen–oxygen coordination shell.
The model’s second virial coefficient is determined by Monte-Carlo integration and used to aid the interpretation of the
predicted phase equilibrium results.

Keywords: Heavy water; Vapor–liquid equilibria; SPC-HW model; Gibbs Ensemble Monte-Carlo; Second virial coefficient

1. Introduction

Heavy water (D2O) has been of great interest in several

disciplines due to its peculiar properties including its high

moderating effect and small neutron-capture cross section

making D2O specially advantageous as a moderator in

nuclear reactors [1,2], its large difference in coherent

scattering amplitude with respect to that of H2O that

makes the neutron diffraction with isotopic substitution

(NDIS) possible [3], its cytotoxic and cytostatic activity

against human cancer cell that renders D2O as a potential

anticancer agent [4], and its ability to increase thermal-

neutron flux penetration and dose homogeneity of

epithermal neutron beams for boron neutron capture

therapy [5].

Even though heavy water is “almost” identical to light

water [6], the replacement of light by heavy water affects

the microstructure of water and macromolecules in solution

[7–14], as well as the related time-dependent properties

[15–17]. The stronger deuterium bonds in D2O than their

counterparts in H2O, resulting from the heavier deuterium

atom that lowers the zero-point vibrational energy of the

intermolecular modes [18], translates into a slight increase

in the D2O structure around itself [19,20]. The immediate

consequence is the possibility of stronger (weaker)

solvation of hydrophilic (hydrophobic) solutes in D2O

than in H2O environments [21–23].

Despite the alleged similarity between several proper-

ties of D2O and H2O (e.g. see table 1 of Némethy and

Scheraga [6]), these two fluids behave so distinctly in

other important aspects that the origin and their

consequences require an explicit molecular-based anal-

ysis. In fact, the notion of negligible conformational and

thermophysical effects on macromolecular aqueous

solutions, resulting from the substitution of H2O by

D2O, has recently been challenged by Raman scattering

photon correlation spectroscopy, small angle neutron

scattering and NMR measurements [24,25].

Moreover, the common simulation practice to deal

with aqueous deuterated environments in classical

simulations, i.e. by doubling the hydrogen mass in the

involved water models [26–32], can only provide some

insight into the H2O/D2O mass effect on the dynamical

properties, however, this trick obviously cannot offer any

hint on the actual isotopic effect on the equilibrium

properties. In fact, within the framework of classical
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statistical mechanics, the equilibrium properties depend

only on the strength of the intermolecular forces (i.e.

they are mass independent [33]).

Suitable ways to tackle the simulation analysis of the

effect of the H2O/D2O substitution on the equilibrium and

dynamic behavior of aqueous systems involve typically

quantum approaches based on ab initio formalisms [34],

path integrals formalisms of quantum statistical mech-

anics [35], the Feynman–Hibbs variational approach [36]

and combinations of the others [37]. Currently, ab initio

methods are computationally too expensive to be

implemented for the study of the above-mentioned

systems of interest. In that sense, path integrals methods

are better suited to that end, since they lead to the

definition of an effective potential that can be used within

the context of classical molecular simulations [38,39].

Yet, the H2O/D2O substitution can also be studied

entirely in terms of effective potentials, beyond the

Feynman–Hibbs [36] and Wigner–Kirkwood [40,41]

perturbations approaches, by describing independently

either H2O or D2O. This approach was recently used by

Grigera [42] who proposed an effective pair potential for

D2O, the simple point charge heavy-water model (SPC-

HW), to describe and reproduce some properties of D2O

at ambient conditions. As for the case of the majority of

the effective potentials whose parameterization have

been performed at ambient conditions, the lingering

question is whether the resulting model is able to

describe accurately the fluid behavior at conditions away

from those of its parameterization, as well as to predict

other relevant properties. Regardless of the answer to the

proposed question, this inquiry usually becomes the

starting point of a broader analysis that usually leads to

improvements of the current model and/or the rethinking

of its modeling strategy [43,44].

Our goal here is to characterize the behavior SPC-HW

model for heavy water, by determining its vapor–liquid

phase coexistence curve, the corresponding dielectric

constant, microstructure and second virial coefficient to

test the adequacy of the model prior to its application in

other studies. Our interest in a classical model for heavy

water stems from the lack of thermophysical properties for

beyond 800 K and 1000 bars, needed in our studies of the

pressure effect on the reduced partition function ratio for

hydrogen isotopes in water [45] and its implications on the

high-pressure isotopic partitioning in Earth and other

planets.

For that purpose, in Section 2 we describe the model

and the two simulation methods used in this study. In

Section 3, we discuss the simulation results, including

the determination of the vapor–liquid coexistence curve

and the resulting critical conditions, the orthobaric

temperature dependences of the dielectric constant

and microstructure, as well as the model’s second

virial coefficient by invoking the corresponding exper-

imental results whenever available. Finally, in Section 4,

we wrap up this work with some final remarks and

outlook.

2. Potential model and simulation methodology

The SPC-HW model [42] involves the same geometry and

Lennard–Jones parameters as in the SPC-E water model

[46] but scaled (augmented) electrostatic charges to adjust

the predicted D2O properties resulting in an effective

dipole moment m ¼ 2.41 D, i.e. about 3% larger than that

for the SPC-E water model. In fact, the charge in the

oxygen site is qO ¼ 22qD ¼ 20.87e so that the

polarization contribution Epol ¼ ðm2 misolÞ
2=2a (where

a ¼ 1.444 Å3 is assumed to be equal to the molecular

polarizability of H2O) becomes equal to 6.286 kJ/mol,

i.e. ,20% larger than that for the SPC-E water model.

For the study of the thermodynamic behavior of the

SPC-HW model we apply two different, though

complementary, simulation methodologies. First, we run

Gibbs Ensemble Monte-Carlo (GEMC) simulations [47]

to determine the vapor–liquid coexistence curve predicted

by the model. Then, we run isochoric– isothermal

molecular dynamics (NVT-MD) simulations along par-

ticular orthobaric states, as predicted by the GEMC, to

determine the behavior of the corresponding dielectric

constant and microstructure.

All NVT-MD simulations involved 500 molecules,

whose Euler–Newton equations of motion were inte-

grated using a 5th and 4th order (for translational and

rotational degrees of freedom, respectively) Gear’s

predictor–corrector algorithm [48] with a time-step of

1.0 fs. The rotational degrees of freedom were described

by Evans and Murad’s quaternion formalism [49], and the

isothermal condition was achieved using a couple of

independent Nosé thermostats [50] for the rotational and

translational degrees of freedom.

All interactions were truncated at a center-to-center

cutoff distance of 3.0sOO, while the long range

electrostatic interactions were calculated using an Ewald

summation with a convergence parameter a < 5.6/L

where L is the length of the cubic simulation box, and a

maximum k in the reciprocal space such that k 2 # 27.

After an equilibration period of 20 ps, all runs spanned

1 ns for the determination of the dielectric constant, during

which the three site–site radial distribution functions and

the dipole–dipole correlations functions were also

extracted.

For the constant volume GEMC simulation we applied

the standard methodology [51] involving N ¼ 500

molecules. Each run comprised about 3500 equilibration

cycles for both phases (the first run starting from random

configurations and the subsequent ones from dumped

configurations from previous runs), where each cycle

comprises 2.22N randomly chosen move attempts,

including N center of mass translations, N molecular

rotations around randomly chosen molecular axes, 0.02N

phase volume changes and 0.2N molecular transfers

between phases with a 50% average acceptance ratio for

the first two types of moves. The equilibrations are

followed by the production runs comprising 8000–

10,000 cycles (i.e. 9.6–12 millions configurations),

A. A. Chialvo and J. Horita1036
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divided in 10 blocks of 500 cycles (,0.6 million

configurations) each, from which the block averages are

obtained [52].

3. Simulation results and discussion

3.1 Vapor–liquid equilibrium (VLE) and critical
conditions

In figure 1, we display the resulting VLE behavior of the

SPC-HW model. It becomes clear that the SPC-HW is able

to predict reasonably well the vapor– liquid phase

behavior, even though its performance deteriorates

quickly as it approaches the critical region, especially

for the vapor phase. In fact, the deficiency in the prediction

of the vapor phase density is clearly revealed by plotting

the VLE in a linear-log plot as shown in figure 2.

While the model provides an accurate temperature

dependence of the orthobaric density for the liquid phase,

the corresponding vapor phase density is underestimated.

This behavior is not unexpected for non-polarizable rigid

models, i.e. in that to account for the sizable polarization

effects in the liquid-like environments the force-field

parameters of these models are fitted to properties of the

liquid phases. Consequently, the fitted electrostatic

charges are augmented over those corresponding to the

isolated (gas phase) molecule, and the resulting models

are usually unable to predict accurately and simul-

taneously the properties of the liquid- and vapor-like

media [53]. An alternative way to detect this deficiency is

by plotting the temperature dependence of the predicted

vapor pressure, as depicted in figure 3, where the SPC-HW

underpredicts the vapor pressure over the entire range,

with a Clausius–Clapeyron slope ,20% smaller than that

for real D2O.

For the estimation of the model critical point based on

the simulated orthobaric curve, we invoke the Wegner

expansion [54,55], i.e.

rl 2 rv ¼ A0j1 2 T=Tcj
b
þ A1j1 2 T=Tcj

bþD

þ A2j1 2 T=Tcj
bþ2D

. . . ð1Þ

where Tc is the critical temperature, Ai are the amplitude

coefficients, b is the critical exponent and D is the so-

called gap exponent. According to the Renormalization

Group Theory, b ¼ 0.325 and D ¼ 0.5 for the VLE case,

and therefore, we can in principle determine the critical

temperature and exponent from the regression of equation

(1). Likewise, the critical density can be determined from

the expansion of the rectilinear diameter [56], i.e.

rl þ rv ¼ 2rc þ B1j1 2 T=Tcj
f
þ B2j1 2 T=Tcj

þ B3j1 2 T=Tcj
fþD

::: ð2Þ

Figure 2. Same as in figure 1 but using a logarithmic scale for the
densities to disclose clearly the inaccuracy of the vapor phase predictions.

Figure 3. Comparison between the temperature dependence of the
vapor pressure predicted by the SPC-HW model and that corresponding
to D2O [62].

Figure 1. Vapor–liquid equilibrium of the SPC-HW as predicted by
GEMC simulation in comparison with the actual phase envelope of D2O [62].
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where f ¼ 1 2 a and a is the critical exponent of the

weak singularity ascribed to the heat capacity. However,

here we proceed by combining the two expressions and

keeping the leading terms [57,58], to obtain our working

expression,

r^ ¼ rc þ B2j1 2 T=Tcj^ 0:5A0j1 2 T=Tcj
be ð3Þ

where the plus (minus) sign refers to the liquid (vapor)

phase, and the subscript “e” at b highlights the fact that

this parameter is considered as an effective exponent. The

effective critical exponent, first defined by Verschaffelt

[59] as,

be ¼ ›lnðrl 2 rvÞ=›lnj1 2 T=Tcj ð4Þ

is a sensitive measure of the shape of the orthobaric curve.

Therefore, the regression of the VLE data from the GEMC

simulation according to equation (3), by using a non-linear

least squares method, allows us to determine the five

parameters including rc, Tc, be. Finally, to estimate the

corresponding critical pressure, we fit the temperature

dependence of the vapor pressure to the Clausius–

Clapeyron expression [60], i.e. lnPðTÞ ¼ aþ b=T so that

Pc ¼ expðaþ b=TcÞ.

From the non-linear regression of the coexistence data

we obtain be ø 0:330, rc ¼ 0.300 g/cc, Tc ¼ 661 K and

consequently, Pc ¼ 156 bars in comparison with the

theoretical value of b ¼ 0.325 and the experimental

values of rc ¼ 0.356 g/cc, Tc ¼ 643.9 K and Pc ¼ 217

bars, respectively [61,62].

3.2 Microstructure of heavy water along the coexistence
curve

In figures 4–6, we present the orthobaric temperature

dependence of the three site–site radial distribution

functions, i.e. gOO(r), gOD(r) and gDD(r), for the liquid

branch of the coexistence curve. The obvious, though not

surprising, feature of these functions is their similarity to

those for the SPC-E water model [63]. For example,

at T ¼ 300 K the gOO(r) exhibits a first peak at ,2.78 Å,

corresponding to a coordination nO
Oðrs ¼ 3:3 �AÞ ¼

4prO

Ð rs

0
gOOðrÞr

2dr of ,4.3 ^ 0.1, followed by a shallow

valley at ,3.3 Å and the second peak at 4.5 Å. The second

peak corresponds to the second coordination number

nO
Oðru ¼ 5:6 �A; rl ¼ 3:3 �AÞ ¼ 4prO

Ð ru

rl
gOOðrÞ r

2dr of

,20.0 additional D2O molecules, whose location is

known as the signature of the tetrahedral hydrogen-bond

configuration of water [64]. In this regard, the gOD(r)

presents two well defined peaks at ,1.74 and ,3.24 Å

separated by a deep valley at ,2.38 Å, which translates

into a first coordination number nD
Oðrs ¼ 2:38 �AÞ ¼

4prD

Ð rs

0
gODðrÞ r

2dr of ,1.9 ^ 0.1

As the orthobaric temperature increases the strength of

the first peak of gOD(r) decreases and widens as expected

due to the simultaneous density decrease. This widening

translates into an approximately 1.0 Å-shift of the location

of the first valley from ,3.3 Å at T ¼ 300 K to ,4.3 Å at

criticality, with a similar shift for the corresponding second

peak, i.e. from ,4.5 to ,5.5 Å (figure 4). Note however,

that the first coordination number nO
OðrsÞ is only reduced by

less than 15%, i.e. to ,3.8 ^ 0.1, while the corresponding

nD
OðrsÞ decreases drastically by more than 55% from

,1.9 ^ 0.1 at T ¼ 300 K to ,0.8 ^ 0.1 at criticality. This

behavior indicates that, even after a decrease of density by a

factor of,3.78, the system at criticality is still able to keep

almost one deuterium-bonded molecule per D2O molecule

in a similar fashion as per light water [65]. Obviously, in the

vicinity of the system critical point the three site–site radial

distribution functions develop long-range tails governed by

the increasing correlation length that goes as the

system isothermal compressibility, i.e. it diverges at

criticality [66].

Two other subtle but clear changes are observed in the

behavior of gOD(r) and gDD(r) along the coexistence

curve. The location of the first two peaks of gOD(r) shifts

Figure 5. Orthobaric temperature dependence of the radial distribution
function for the O–D interactions. For clarity all curves are shifted by 0.2
from one another.

Figure 4. Orthobaric temperature dependence of the radial distribution
function for the O–O interactions. For clarity all curves are shifted by 0.2
from one another.
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by ,0.15 and ,0.07 Å, respectively, as the orthobaric

temperatures increases from ambient to criticality,

indicative of a small stretching of the hydrogen bond

with decreasing orthobaric density. Similar shift is

experienced by the first two peaks of gDD(r), where the

shifts are ,0.23 and ,0.07 Å, respectively. In both cases

the first peak becomes smaller and the corresponding first

valley becomes shallower as the orthobaric liquid phase

density decreases.

In order to further interpret the resulting structural

behavior we determine the lth order dipole–dipole

correlations, i.e.

GlðrÞ ¼
V

4pr 2
kdðr 2 r12ÞRlðcosQ12Þl ð5Þ

where k. . .l denotes an ensemble average, Pl(x) is the

normalized Legendre polynomial and Q12 is the angle

formed by the dipole moments of molecules 1 and 2 [67].

Note that the volume integral of G1(r) is associated with

the dielectric constant of the system through the

fluctuation of the total dipole moment of the system, i.e.

kM 2l
Nm2

¼ 1 þ 4pr

ð1
0

G1ðrÞr
2dr ð6Þ

The orthobaric temperature dependence of the first-

order dipole–dipole correlation functions is given in

figure 7. The obvious feature of these functions is the

positive correlation represented by the first peak which

indicates that the D2O molecules within the first solvation

shell prefer the parallel alignment, i.e. the dipole moments

of two neighboring molecules are pointing into the same

direction. Moreover, this picture indicates that the

orientational (dipolar) order is almost completely lost

beyond the first nearest neighbors. In fact, G1(r) exhibits a

minute bump within the region 5.20 Å , r , 5.48 Å, i.e. a

remnant of orientational correlation that is associated with

the disappearing of the third peak of gOD(r) (figure 5) and

corresponding valley of gDD(r) (figure 6).

3.3 Dielectric behavior along the coexistence curve

Since we are dealing with a non-polarizable model under

periodic boundary conditions, involving an Ewald

summation approach to the electrostatic interactions, we

apply the following working expression for the dielectric

constant [68],

1 ¼
1 þ 21RF 1 þ 4pðkM 2l2 kMl2Þ=3kTV

h i
1 þ 21RF 2 4pðkM 2l2 kMl2Þ=3kTV

ð7Þ

where 1RF is the dielectric permittivity surrounding the

replicated simulation box (reaction field), M ¼
P

imi

�� ��
with jmij ¼ 2.41 D, and k. . .l indicates a time average over

trajectories in the phase space of the system. For

simulation purposes the 1RF values were taken from the

tabulated experimental data [69].

In figure 8, we present the simulation results for the

dielectric constant of the SPC-HW along the coexistence

curve, in comparison with the corresponding experimental

data [69]. Obviously, the SPC-HW is able to capture the

dielectric behavior of D2O, within about 29–44% of the

experimental values for the liquid phase between ambient to

the critical temperature. A similar behavior is also observed

for the coexisting vapor phase, which is just an indication of

the poor description of the two-body interactions by the

SPC-HW, better highlighted by the behavior of its second

virial coefficient as discussed in the next section.

3.4 Second virial coefficient

To aid the characterization and interpretation of the

model we also determine its second virial coefficient,

i.e. the 6-dimensional integral over the Boltzmann factor

by a Monte-Carlo numerical integration [70]. The relative

orientation of the pair of SPC-HW molecules are specified

by the polar coordinates (r, u, w) and the three Euler angles

(v1, v2, v3) of the second molecule while keeping the first

Figure 6. Orthobaric temperature dependence of the radial distribution
function for the D–D interactions. For clarity all curves are shifted by 0.2
from one another.

Figure 7. Orthobaric temperature dependence of the dipole–dipole
correlation function G1(r). For clarity all curves are shifted by 0.2 from
one another.
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molecule fixed at the origin. Thus,

BðTÞ ¼ 2
NA

16p2

ð1
0

r 2dr

ð2p

0

dw

ðp
0

sin u du

ð2p

0

dv1

ðp
0

sinv2 dv2

ðp
0

{exp½2Uðr; u;w;vÞ=kT�2 1}dv3

ð8Þ

whereNA is Avogadro’s number. For numerical purposes the

radial integration was divided into three intervals, namely,

0 # r # 2.5 Å for which the (hard sphere) analytical

solution is available since exp[2U(r, u, w, v)/kT ] < 0,

2.5 Å # r # 6.0 Å where the Monte-Carlo integration is

actually performed through the evaluation of the function

for ,106 random configurations, and r $ 6.0 Å where

U(r, u, w, v) is approximated by a dipole–dipole interaction

with a dipole moment m ¼ 2.41 D for which an analytical

solution is also available [71].

In figure 9, we display the comparison between the

predicted values for the second virial coefficient of the

SPC-HW model and the corresponding experimental data

[72]. Note that the SPC-HW model underpredicts B(T) of

D2O in a similar way as the SPC and SPC-E models do it

for H2O. In fact, since these three models share the same

geometry and Lennard–Jones parameters, we expect that

equation (8) predicted a more negative value of B(T) with

an increasing molecular dipole moment (i.e. 2.27, 2.35

and 2.14 D for SPC, SPC-E and SPC-HW, respectively) as

clearly depicted in figure 9, because this is the leading

term in the multipole expansion of the long-range

electrostatic interactions.

Because B(T) is determined independent of either NVT-

MD or GEMC simulations, its calculation provides an

opportunity to test the consistency of the GEMC

simulation results. For that purpose we use the low-

pressure portion of the vapor-phase branch of the

coexistence curve, where we can assume with confidence

the following virial approximation [73],

PðTÞ

rvkT
ø 1 þ BðTÞrv ð9Þ

Thus, we can re-calculate the coexistence vapor density

rv in terms of the GEMC’s predicted P(T) and the

independently calculated B(T) (equation (8)), by solving

the quadratic equation and taking the physically mean-

ingful root, i.e.

rv ¼ ½2BðTÞ�21 1 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ

4PðTÞBðTÞ

kT

r" #
ð10Þ

Figure 10, where we show the comparison between rv

from the GEMC simulations and the corresponding values

from the virial expansion (equation (10)), suggests that

Figure 8. Orthobaric temperature dependence of the dielectric constant
of the SPC-HWas predicted by NVT-MD simulations in comparison with
the experimental data of D2O [69].

Figure 9. Temperature dependence of the negative value of the second
virial coefficient as predicted by the SPC-HW model in comparison with
those of the SPC and SPC-E models and the actual behavior for D2O [72].

Figure 10. Comparison between the orthobaric vapor densities
predicted by the GEMC simulations and the low-pressure virial
equation using the calculated B(T) for the SPC-HW model.
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B(T) and the vapor coexisting densities from the GEMC

simulations are internally consistent.

4. Final remarks

The typical way to assess the adequacy of an

intermolecular potential is by testing its ability to describe

accurately the properties used in the adjustment of the

model parameters away from the conditions of optimiz-

ation, and to equally predict at any state conditions

properties other than those used in the parameterization.

Towards that end, in this contribution we have first

determined by GEMC simulation the vapor–liquid

coexistence curve for the SPC-HW model of D2O

including its critical conditions, and then studied the

orthobaric temperature dependences of its dielectric

constant and microstructure. In addition, we have

calculated the second virial coefficient and used it to test

the consistency of the orthobaric vapor phase densities.

The second virial coefficient calculation clearly

indicates the failure of this member of the SPC family

of models to capture the actual pairwise intermolecular

interactions of D2O, and therefore, the inaccurate

prediction of the orthobaric vapor phase densities. This

is a defect common to most rigid non-polarizable water

models whose effective electrostatics must effectively

account for the substantial polarization in the condensed

phase through augmented (over those of the actual isolated

molecular pair) coulombic charges [74]. For the same

reason, it is not surprising to find a reasonable agreement

between the predicted and the actual temperature

dependence of the orthobaric liquid phase densities, as

previously seen for the SPC-E model (e.g. figure 1 of

Errington and Panagiotopoulos work [75]), while the

corresponding enthalpy of vaporization is overpredicted

by both models (see figure 11 for the SPC-HW and figure 5

of Boulougouris et al. [76] for the SPC-E model).

In summary, the SPC-HW model is the first attempt

(at least that we are aware of) to describe the properties of

D2O by an effective pair potential. Because this model is a

spinoff of the SPC family of H2O models, it also suffers

from most of the same defects, some of them exacerbated

by the larger effective dipole moment. While this

similarity might be the model’s curse, it might also be

its advantageous feature as to become the best reference

for any promising model improvement.
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